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MODERATE AND RAPID DECAY NEARBY CYCLES VIA
ENHANCED IND-SHEAVES
BRIAN HEPLER AND ANDREAS HOHL
Abstract. For any holomorphic function f : X → C on a complex manifold
X, we define and study moderate and rapid decay objects associated to an
enhanced ind-sheaf on X. These will be sheaves on the real oriented blow-up
space of X along f . We show that in the context of the Riemann–Hilbert functor due to D’Agnolo–Kashiwara, these objects recover the classical de Rham
complexes with moderate growth and rapid decay associated to a holonomic
D-module. Moreover, we resolve a conjectural duality of Sabbah between these
de Rham complexes in the normal crossing case, and recover in particular a
well-known duality pairing for integrable connections on smooth varieties.
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1. Introduction
The theories of ind-sheaves (initiated in [KS01]) and enhanced ind-sheaves (established in [DK16]) led to an extension of the classical Riemann–Hilbert correspondence for regular holonomic D-modules, which had been proved independently
by M. Kashiwara [Kas84] and Z. Mebkhout [Meb84]) and which states that the de
Rham functor
∼
DRX : Dbreg,hol (DX ) −→ DbC-c (CX )
from the derived category of regular holonomic D-modules to the derived category
of C-constructible sheaves on a complex manifold X is an equivalence of categories.
It was not difficult to observe that this functor is no longer fully faithful on
the category of (not necessarily regular) holonomic DX -modules, and finding an
irregular analogue for the target category was a long-standing problem that led to
the development of the above-mentioned theories and the following result:
On a complex manifold X, A. D’Agnolo and M. Kashiwara (see [DK16]) defined
a functor
b
b
DRE
X : Dhol (DX ) ֒→ E (ICX ),
called the enhanced de Rham functor, from the derived category of holonomic Dmodules to the category of so-called enhanced ind-sheaves. More precisely, the
essential image of this functor is contained in the subcategory of R-constructible
enhanced ind-sheaves.1
From a general point of view, this result teaches us that constructible enhanced
ind-sheaves should be our objects of interest in the study of irregular singularities—
just as we were interested in constructible sheaves as the topological counterparts
of regular holonomic D-modules. More precisely, it will be helpful to have tools like
a theory of nearby and vanishing cycles at hand in the context of these still quite
recent objects. One of the purposes of this paper is therefore to introduce objects
similar to the ones known from the classical theory of constructible sheaves.
Classical objects in the study of differential equations with irregular singularities
are the de Rham complexes with moderate growth and rapid decay. The reason
why such complexes are important is the following: There are non-isomorphic Dmodules whose (classical) de Rham complexes are isomorphic. Roughly speaking,
this happens because their sheaves of holomorphic solutions are the same, even
though the growth behavior of their solutions is different, but the classical de Rham
functor is not sensitive to growth conditions. In order to obtain a functor which can
distinguish such D-modules, it is therefore necessary to introduce variants of the
de Rham functor that can “measure” the growth of the solutions to a differential
system. A technical difficulty in these constructions is the need to work on real
oriented blow-up spaces, where functions with moderate growth and rapid decay
are well-defined. (Let us note that the use of the real blow-up can, however, partly
be avoided by working with ind-sheaves.)
In the one-dimensional case, a solution to the irregular Riemann–Hilbert problem
has been described earlier by introducing the notion of Stokes structure, which can
be formulated in different ways, one of them being Stokes-filtered local systems
1In fact, one can restrict the target category further: The essential image is precisely the
category of C-constructible enhanced ind-sheaves, a notion introduced in [Ito20] (see also [Kuw21]
for an alternative approach). In this way, the functor DRE
X becomes an equivalence of categories,
but we will not use these notions here.
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(see [Mal91], and we refer to [Sab13] for an exposition on Stokes filtrations for Dmodules, and to [Boa21] for a history and comparison of different formulations of the
Stokes phenomenon). Indeed, the Stokes filtration on the local system associated to
a holonomic D-module M is essentially given by the moderate de Rham complexes
of “exponentially twisted” versions of M.
The simple idea at the heart of this article is now the following: Since DRE
X is
fully faithful, all the information about a holonomic D-module must be encoded in
its enhanced de Rham complex. In particular, there should be a functorial way to
obtain the moderate growth and rapid decay de Rham complexes of a holonomic Dmodule M from the enhanced ind-sheaf DRE
X (M), without leaving the topological
setting.
Indeed, such a connection between enhanced de Rham complexes and Stokes filtrations has been described in the one-dimensional case in [DK20] (see also [DK18]).
In the recent article [Sab21], nearby and vanishing cycles for general holonomic Dmodules were defined and studied.
The aim of this paper is now to develop an analogous theory of nearby and
vanishing cycles for enhanced ind-sheaves that is compatible with the irregular
Riemann–Hilbert correspondence, i.e., a theory that produces the nearby cycles
defined in [Sab21] if applied to the enhanced de Rham complex of a holonomic
DX -module on an arbitrary complex manifold X.
In particular, in order to to this, we will investigate two notions that do not seem
to have been studied in the context of enhanced ind-sheaves yet: Firstly, we develop
the notion of enhanced de Rham complex on the real blow-up along a holomorphic
function f (in [DK16] and [KS16], only the real blow-up along a normal crossing
divisor has been studied). Secondly, we study the notion of rapid decay function
and the rapid decay de Rham complex using enhanced ind-sheaves. (In [DK16]
and [KS16], only the sheaf Amod
of holomorphic functions with moderate growth
e
X
has been studied). In order to achieve results about rapid decay objects on this
different notion of real blow-up, we will on the one hand mimick constructions done
in [DK16] in the case of moderate growth along a normal crossing divisor, and on
the other hand make a connection between moderate growth and rapid decay by
duality, using a duality result of M. Kashiwara and P. Schapira (see [KS96] and
[KS16]) about the closely related notions of tempered and Whitney functions. In
this way, we prove—in the case of a normal crossing divisor—a conjecture posed
by C. Sabbah in [Sab21].
Outline of the paper. Section 2 is a brief review of the languages of sheaves,
ind-sheaves, enhanced ind-sheaves and D-modules, as well as the theory of real
oriented blow-up spaces, all of which we will use in this paper.
In Section 3, we motivate our later definition of moderate and rapid decay objects
associated to enhanced ind-sheaves: First, we show how the moderate de Rham
complex of a holonomic D-module M along a divisor can be recovered in a functorial
way from its enhanced de Rham complex DRE
X (M) (Proposition 3.1). This is
greatly inspired by the formulas developed in [DK20], which are briefly reviewed
at the beginning of the section. The proof in the higher-dimensional case works
in two steps: We prove the result in the case of a simple normal crossing divisor,
and then use results about resolution of singularities to prove a statement in the
general case. We then motivate a similar functorial construction for the rapid decay
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de Rham complex of M, which will be proved in the case of normal crossing divisor
in Section 6.
In Section 4, we define functors that associate to an enhanced ind-sheaf moderate
and rapid decay objects in the category of sheaves on the real blow-up. These
naturally lead to definitions for moderate and rapid decay nearby cycles in the
category of sheaves on the boundary of the real blow-up space. The definitions
will be motivated by the statements in the preceding section, so that these objects
will in particular recover moderate de Rham complexes of holonomic D-modules.
We also prove some elementary properties of these objects, similar to those known
from classical nearby cycles (see [KS90]) and moderate and rapid decay objects
associated to holonomic D-modules (as in [Sab21]).
If one starts with an R-constructible enhanced ind-sheaf, the objects defined
above are easily seen to be related by duality, and hence one has natural duality
pairings betweens them that we study in Section 5.
In Section 6, after reviewing a duality result of [KS96] and [KS16] between
tempered and Whitney functions, we prove a conjecture of [Sab21] in the case of
a simple normal crossing divisor and show that duality interchanges the moderate
growth with rapid decay de Rham complex for holonomic D-modules. This result
will have two interesting implications: First of all, it shows that the rapid decay
object defined in Section 4 does indeed recover the rapid decay de Rham complex
of a holonomic D-module (Corollary 6.11). Moreover, it allows us to recover the
pairings between rapid decay homology and de Rham cohomology due to M. Hien
[Hie09] (Proposition 6.12).
Acknowledgments. First of all, we would like to thank Claude Sabbah who
pointed out many questions studied in this article to us, and in particular inspired
us with his recent work on nearby cycles for holonomic D-modules in the higherdimensional case. We thank him and Andrea D’Agnolo for useful discussions and
correspondence during the preparation of this work. Moreover, we are grateful to
Pierre Schapira for explanations on the duality between Whitney and tempered
functions, which helped us in proving the duality in Section 6.
2. Background and notation
2.1. From sheaves to enhanced ind-sheaves. In this section, we will recall
some basic notation in the context of sheaf theory and its generalizations. Let
X be a topological space (all topological spaces will be assumed to be good, i.e.,
Hausdorff, locally compact, second countable and of finite flabby dimension), and
let k be a field.
Sheaves. We denote by Mod(kX ) the category of sheaves of k-vector spaces on X
and by Db (kX ) its bounded derived category. One has the six Grothendieck operations RHom, ⊗, Rf∗ , f −1 , Rf! , f ! (for f a morphism of good topological spaces) on
Db (kX ). We denote the duality functor by DX = RHomkX (•, ωX ), where ωX is the
dualizing complex. For a locally closed set Z ⊆ X, we will denote by kZ ∈ Mod(kX )
the constant sheaf with stalk k on Z, extended by zero outside Z. We refer to the
standard literature, e.g., [KS90], for details on sheaf theory.
Ind-sheaves. We denote by I(kX ) the category of ind-sheaves over k on X, which
has been constructed in [KS01] as the category of ind-objects for the category of
compactly supported sheaves of k-vector spaces. The inductive limit in I(kX ) will
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be denoted by “ lim ”. We denote by Db (IkX ) the bounded derived category of
−→
I(kX ). One has the six Grothendieck operations RIhom, ⊗, Rf∗ , f −1 , Rf!! , f ! on it.
Moreover, one has a fully faithful embedding ιX : Mod(kX ) → I(kX ). It has a left
adjoint αX , which itself has a fully faithful left adjoint βX . Let us note that the
three functors ιX , αX and βX are exact. Let us also note that the natural inclusion
ιX is mostly suppressed in the notation (starting with [KS01]) and that also the
functor βX is often suppressed in the more recent notational conventions of [DK16]
and [KS16] (and works thereafter). We refer to [KS01] for details on the theory of
ind-sheaves.
Enhanced ind-sheaves. The category of enhanced ind-sheaves has been constructed
in [DK16] in order to establish a Riemann–Hilbert correspondence for holonomic
D-modules.
To this end, the authors of loc. cit. introduced the notion of a bordered space,
b of good topological spaces such that X ⊆ X
b is an open
which is a pair (X, X)
b
b
subspace. A morphism of bordered spaces (X, X) → (Y, Y ) is a continuous map
b × Yb , the map Γ → X
b
X → Y such that, denoting by Γ the closure of its graph in X
induced by the projection to the first factor is proper. (Note that this condition
is in particular satisfied if Yb is compact.) The category of good topological spaces
is naturally a subcategory of the category of bordered spaces by considering a
topological space X as the pair (X, X).
b be a bordered space, and consider also the bordered space
Let X = (X, X)
R∞ := (R, P), where P := P1 (R) is the real projective line. One then defines the
quotient categories
)/Db (Ik(X×P)\(X×R)
)
Db (IkX ×R∞ ) := Db (IkX×P
b
b
and
Eb (IkX ) := Db (IkX ×R∞ )/π −1 Db (IkX ),
where π = πX : X × R∞ → X denotes the projection. We refer to [DK16] for details
on this construction and to [KS06] for an exposition on quotients of triangulated
categories. One calls Eb (IkX ) the category of enhanced ind-sheaves over k on X .
+

It admits the six Grothendieck operations RIhom+ , ⊗, Ef∗ , Ef −1 , Ef!! and Ef ! for
a morphism of bordered spaces f . Moreover, we denote by DE
X the duality functor
for enhanced ind-sheaves.
A basic object in the category Eb (IkX ) is
E
:= “ lim ” k{t≥a} ,
kX
−→
a→∞

b × P; x ∈ X, t ∈ R, t ≥ a}.
where we abbreviate {t ≥ a} := {(x, t) ∈ X
b there is a fully faithful embedding
For a bordered space X = (X, X),
eX : Db (kX ) ֒→ Eb (IkX ),

E
F 7→ kX
⊗ π −1 F.

In [DK21b], the authors introduced the sheafification functor shX : Eb (IkX ) →
b In the case
D (kX ) for enhanced ind-sheaves on a bordered space X = (X, X).
b
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of stable (in particular for R-constructible, see below) enhanced ind-sheaves, it is
given by
E
shX (K) := RHomE (kX
, K) ∈ Db (kX ).
(For a definition of the functor RHomE , we refer to [DK16, Definition 4.5.13], where
it was denoted by HomE . See also [DK21b] for a detailed study of the sheafification
functor.) Let us note that shX ◦ eX ≃ idDb (kX ) , i.e., shX is a left quasi-inverse of
eX .
Constructibility. In classical sheaf theory, different constructibility conditions for
sheaves of vector spaces have been studied (see, e.g., [KS90]). In particular, if
X is a real analytic manifold (or more generally, a subanalytic space, see, e.g.,
[KS90, Exercise 9.2]), there are the full subcategories ModR-c (kX ) ⊂ Mod(kX ) of
R-constructible sheaves and DbR-c (kX ) ⊂ Db (kX ) of complexes with R-constructible
cohomologies.
If X is a complex manifold, a stronger notion is that of a C-constructible
sheaf, and one has the full subcategories ModC-c (kX ) ⊂ Mod(kX ) and DbC-c (kX ) ⊂
Db (kX ).
b (meaning
For enhanced ind-sheaves on a real analytic bordered space X = (X, X)
b
that X and X are real analytic manifolds), there is the full subcategory EbR-c (IkX ) ⊂
Eb (IkX ) (see [DK16, §4.9] for details).
A notion of C-constructibility has been studied in [Ito20] (see also [Kuw21] and
[Moc18] for different approaches to describe the essential image of the Riemann–
Hilbert functor of [DK16]).
2.2. D-modules. When X is a complex manifold, we will denote by DX the sheaf
of linear partial differential operators with holomorphic coefficients on X. We refer
to the standard literature, such as [Kas03, HTT08], for the theory of D-modules
(on complex manifolds as well as on smooth algebraic varieties).
Let X be a complex manifold. We denote by Modhol (DX ) the category of holonomic DX -modules and by Dbhol (DX ) the full subcategory of the derived category
of DX -modules consisting of complexes with holonomic cohomologies. We denote
by DX the duality functor for DX -modules.
The (classical) de Rham functor is given by
DRX : Dbhol (DX ) −→ Db (CX ),
L

M 7−→ ΩX ⊗DX M,
where ΩX is the sheaf of top-degree holomorphic differential forms on X.
In [DK16], A. D’Agnolo and M. Kashiwara defined the enhanced de Rham functor
b
b
DRE
X : Dhol (DX ) −→ E (ICX ),
L

M 7−→ ΩE
X ⊗DX M,
L

E
E
where ΩE
X = ΩX ⊗OX OX , and OX is the enhanced ind-sheaf of enhanced tempered
holomorphic functions, and stated the following Riemann–Hilbert correspondence
for holonomic DX -modules.

Theorem 2.1 (cf. [DK16, Theorem 9.5.3]). The functor DRE
X is fully faithful.
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The functors eX and shX make a connection between the classical and the enhanced de Rham functor: For a regular holonomic D-module R ∈ Dbreghol (DX ), one
has
DRE
X (M) ≃ eX DRX (M).
On the other hand, for any holonomic D-module M ∈ Dbhol (DX ), one has
shX DRE
X (M) ≃ DRX (M).
2.3. Real blow-up spaces. In the following, we will recall two (in general different) constructions of a real oriented blow-up space (often simply called real blow-up)
associated to a complex manifold and a divisor. We will also recall some important
sheaves on these blow-up spaces. For more details, we refer to [Sab13], [Moc14],
[DK16], [KS16].
Real blow-up along a function. Let X be a complex manifold and f : X → C a
ef →
holomorphic function. Then the real blow-up of X along f is denoted by ̟f : X
1
e
X and defined as follows: Consider the map f /|f | : X → S , then Xf is the closure
ef → X is induced by the projection to the
of its graph in X × S 1 . The map ̟f : X
ef \ ∂ X
ef . Moreover,
first factor. It is a homeomorphism on X ∗ := X \ f −1 (0) ≃ X
−1
1
e
we have ∂ Xf ≃ f (0) × S .
∗
ef ), and we fix the
the bordered space (X ∗ , X) ≃ (X ∗ , X
We denote by X∞
following notation for the morphisms (all of them inclusions except for ̟f ) that
will appear throughout the paper:
̟f

(1)

ef
∂X

if

ef
X

j̃f

j

∗
X∞

X

This construction is functorial in the following sense: Given two complex manifolds X and Y with holomorphic functions f : X → C and g : Y → C, as well as
a morphism of complex manifolds τ : X → Y such that g ◦ τ = f , then there is an
ef → Yeg such that the following diagram commutes:
induced morphism τe : X
ef
X

τe

X

τ

̟f

Yeg

̟g

Y

In particular, for X = C and f (z) = z, this construction gives the real blow-up
e 0 = R≥0 × S 1 with ̟0 : C
e 0 → C given by ̟0 (ρ, eiθ ) = ρeiθ .
space C
For arbitrary X and holomorphic f : X → C, one can then alternatively describe
e0 , i.e., the space fitting
ef as the fiber product X
ef := X ×C C
the construction of X

8

BRIAN HEPLER AND ANDREAS HOHL

into the Cartesian diagram
e0
C

ef
X

̟f

̟0



X

C

f

Real blow-up along a simple normal crossing divisor. Let X be a complex manifold
and D ⊂ X a normal crossing divisor with smooth components. (We will always
mean such a divisor when we say “normal crossing divisor”.) Locally, one can write
D = {z1 ·. . .·zr = 0} = D1 ∪. . .∪Dr for an appropriate coordinate system z1 , . . . , zn
and r ≤ n, where we write Di := {zi = 0}. Then, setting fi (z1 , . . . , zn ) = zi , we can
efi → X as above. (This amounts to replacing
define the real blow-up spaces ̟fi : X
the coordinates z1 , . . . , zr by polar coordinates ρ1 , eiθ1 , . . . , ρr , eiθr , where we allow
eD → X
ρi = 0.) The real blow-up space of X along D is then denoted by ̟D : X
e
e
and defined as the fiber product Xf1 ×X . . . ×X Xfr . This map is a homeomorphism
eD \ ∂ X
eD .
on X ∗ := X \ D ≃ X
We fix the following notation for the morphisms (all of them inclusions except
for ̟D ) that will appear throughout the paper:
̟D

(2)

eD
∂X

iD

eD
X

j̃D

(X \ D)∞

j

X

In the context of a normal crossing divisor, one can also define the total real
e tot (which amounts to allowing ρi ∈ R in the construction above). It
blow-up X
D
eD as a closed subset, but—contrarily to the latter—is
contains the real blow-up X
a real analytic manifold, which will be useful in some situations. Note, however,
that it is not globally intrinsically defined (see [DK16, Remark 7.1.1] and [KS16,
Remark 4.2.1])
Comparison between the two constructions. While the second definition requires
the divisor to have normal crossings and smooth components, the first definition
works in a more general setting. In the case of a normal crossing divisor given
as the zero set of a holomorphic function, we therefore have two different notions
of real blow-up spaces: Let D be a normal crossing divisor given by D = f −1 (0)
eD and
for some holomorphic function f : X → C, then we can define the spaces X
e
e
e
Xf , and there is a natural proper morphism ̟D,f : XD → Xf and a commutative
diagram
eD
X

̟D,f

̟D

̟f

ef
X

X
It is easy to see that in the example X = C, f (z) = z, the two constructions of
real blow-ups coincide.
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e
Sheaves of holomorphic functions with moderate growth and rapid decay. Let X
denote any of the real blow-up spaces defined above. Then one has the sheaves
∗
e
Amod
and Ard
e
e of functions on X which are holomorphic in the interior X and
X
X
e respectively.
have moderate growth and rapid decay at the boundary ∂ X,
For details on these notions, see, e.g., [Sab13, §8.3], [Moc14, §4.1.2, §4.1.5],
[KS01, §7.2], [DK16, §5.1].
Remark 2.2. It is worth noting that the definitions of moderate (or polynomial)
growth are phrased slightly differently in different works such as [KS01], [Sab13]
and [Moc14]. However, they all lead to the same sheaf of holomorphic functions
with moderate growth at the boundary.
Our notation Amod
is closest to that in [Sab13] and [Moc14]. This sheaf is
e
X
denoted by AXe in [DK16]. however, it is not the same as the sheaf AXe in [Sab00],
and also should not be confused with the sheaf AXe in [Sab13] or the sheaf A in
[Mal91].
In fact, it is not completely obvious from the beginning that the sheaf Amod
e , as
X
defined above, is the same as the sheaf AXe defined in [DK16, Notation 7.2.1]: In
loc. cit., it is defined as the sheaf of functions that are holomorphic in the interior of
e and tempered at the boundary ∂ X.
e This is a priori a stronger condition than the
X
one imposed above (and in [Sab13], [Moc14], for example), since tempered means
that the function and all its derivatives are of moderate growth. For holomorphic functions with moderate growth, this is, however, automatic due to Cauchy’s
integral formula for derivatives, as is shown in [Siu70, Lemma 3].
De Rham complexes on real blow-ups. Let X be a complex manifold and let a
normal crossing divisor D ⊂ X or a holomorphic function f : X → C be given, and
e any of the real blow-ups X
eD or X
ef .
denote by X
Definition 2.3. The moderate de Rham complex of a holonomic DX -module M
is defined as (see, e.g., [Sab13]2)
L

−1
−1
M
DRmod
ΩX ⊗̟−1 OX Amod
e (M) := (̟
e ) ⊗̟ −1 DX ̟
X
X
L

⊗̟−1 OX ̟−1 M).
≃ ̟−1 ΩX ⊗̟−1 DX (Amod
e
X
⊗̟−1 OX ̟−1 M.
We set MA := Amod
e
X
Similarly, the rapid decay de Rham complex is defined as
L

−1
−1
M
DRrd
ΩX ⊗̟−1 OX Ard
e (M) := (̟
e ) ⊗̟ −1 DX ̟
X
X
L

−1
M).
≃ ̟−1 ΩX ⊗̟−1 DX (Ard
e ⊗̟ −1 OX ̟
X

2We remark that we follow here the convention of [Kas03]: The objects DR , DRmod etc.
X
e

here are those denoted by

p DR

X,

p DRmod
e
X

X

in [Sab13], i.e., these objects are already shifted

appropriately such that, for instance, DRX (M) is a perverse sheaf.
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3. De Rham complexes with growth conditions and enhanced
ind-sheaves
In this section, we recall and put together some notions and constructions from
previous works on enhanced ind-sheaves. The main aim is to motivate the formulas for our definitions in the following sections, by making the connection to the
moderate and rapid decay de Rham functors.
3.1. Dimension one. Let us first recall the construction of nearby cycles in dimension one given by A. D’Agnolo and M. Kashiwara in [DK20].
Let X be a complex analytic curve and M a holonomic DX -module. Let a ∈ X
e → X the real oriented blow-up of X at a. Set
be a point and denote by ̟ : X
−1
e
e \ Sa X.
Sa X := ̟ (a) = ∂ X and note that X \ {a} ≃ X
Consider the morphisms
Sa X

i

e
X

j̃

(X \ {a})∞

j

X

e
where (X \ {a})∞ is the bordered space (X \ {a}, X) ≃ (X \ {a}, X).
In [DK20] (see also [DK18, §6]), the authors define the sheaves
(3)

−1
Ψ≤0
shXe (Ej̃∗ Ej −1 K)[−1] ∈ Db (CSa X ),
a (K) := i

Ψ0a (K) := shSa X (Ei−1 Ej̃∗ Ej −1 K)[−1] ∈ Db (CSa X )
associated to an R-constructible enhanced ind-sheaf K ∈ EbR-c (ICX ).
e of
Moreover, if I ⊂ Sa X is open and f is a function in a neighbourhood U ⊂ X
I which is holomorphic on U \ Sa X and admits a Puiseux series expansion on I,
they define
b
≤0
Ψ≤f
a (K) := Ψa (K(f ))|I ∈ D (CI ),

Ψfa (K) := Ψ0a (K(f ))|I ∈ Db (CI ),
f
E
where K(f ) := RIhom+ (ERe
U|X , K). They prove that for K = DRX (M) these
formulas recover the Stokes filtration of M on the local system of flat sections
LM := i−1 j̃∗ j −1 DRX (M)[−1] on Sa X. In particular, Ψ≤0 (K) is the modere (restricted to Sa X) and Ψ0 (K) is the
ate growth de Rham complex of M on X
graded piece of the Stokes filtration corresponding to the regular part of the Levelt–
Turrittin decomposition.

3.2. Moderate de Rham complexes in higher dimensions: normal crossing
divisors. We will now show how the ideas of [DK20] naturally extend to the higherdimensional case for DX -modules on a manifold with a (simple) normal crossing
divisor.
Let X be complex manifold and D ⊂ X a simple normal crossing divisor. Consider the real oriented blow-up along the components of D and recall the notation
for morphisms from (2).
As the next proposition shows, a formula similar to (3) recovers the moderate
de Rham complex from the enhanced de Rham complex of a holonomic D-module
in the normal crossing case. Its proof is probably not new to experts and relies
heavily on results already established in [DK16], but we give it here since it does
not seem to appear in other works. In particular, it gives a direct proof for the fact
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that the object (3) recovers the moderate growth part of the Stokes filtration in the
one-dimensional case.
Proposition 3.1. Let M be a holonomic DX -module and D ⊂ X a simple normal
crossing divisor. Then there is an isomorphism in Db (CXeD )

mod
shXeD Ej̃D ∗ Ej −1 DRE
e (M).
X (M) ≃ DRX
D

In particular, if dimC X = 1, we have


Ψ≤0
DRE
a
X (M) ≃ F≤0 LM ,

where the right-hand side denotes the “≤ 0” part of the Stokes filtration on the local
−1
DRX (M).
system LM := i−1
D Rj̃D ∗ j
In the proof of this proposition, we will make use of the following lemma. It is
the analogue for the de Rham functor on the real blow-up of [DK16, Lemma 9.7.1]
(which shows that shX DRE
X (M) ≃ DRX (M), although the sheafification functor
was not denoted like this in loc. cit.). We will use the constructions and notation
for objects on the real blow-up along a normal crossing divisor from [DK16, §7,
§9.2].
b
A
Lemma 3.2. Let N ∈ Db (DX
eD )
e ). There is an isomorphism in D (CX
D

shXeD DRE
eD (N ).
eD (N ) ≃ DRX
X
e := X
eD and ̟ := ̟D . First, one has isomorphisms
Proof. Let us abbreviate X

E
E
E
shXe DRE
e (N ) ≃ RHom CX
e (N )
e , DRX
X

E
L
−1
N
≃ RHomE CE
e , ΩX
e ⊗βπ −1 D A βπ
X
f
X

E
L
≃ RHomE (CE
e , ΩX
e ) ⊗D A N ,
X
f
X

where the last isomorphism follows with [KS01, Theorem 5.6.1(ii)]. Therefore, it
suffices to show that
E
−1
RHomE (CE
ΩX ⊗̟−1 OX Amod
e .
e , ΩX
e) ≃ ̟
X
X

For this, we observe that

E
E
E
E
e −1 π −1 CX\D , E̟! OX
)
RHomE (CE
e , RIhom(̟
e , OX
e ) ≃ RHom CX
X

! E
e −1 π −1 CX\D ⊗ CE
≃ RHomE ̟
e , E̟ OX
X

! E
≃ RHomE E̟−1 (π −1 CX\D ⊗ CE
X ), E̟ OX

E
E
(OX (∗D)), E̟! OX
≃ RHomE E̟−1 SolX

A
E
E
≃ RHomE SolX
e
e (OX (∗D) ), OX
≃ OX (∗D)A ≃ Amod
e .
X

Here, the first isomorphism follows from [DK16, (9.6.7)], the second-to-last line
follows from the computations in [DK16, p. 192] and the last line follows from
[DK16, (9.6.8)].
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Consequently, we can conclude


E
−1 −1
E
E
E
−1 ̟ −1 O
O
≃
RHom
C
,
π
̟
Ω
⊗
RHomE CE
,
Ω
X
π
e
e
e
e
X
X
X
X
X

E
,
O
≃ ̟−1 ΩX ⊗̟−1 OX RHomE CE
e
e
X
X
≃ ̟−1 ΩX ⊗̟−1 OX Amod
e ,
X

where the second isomorphism is due to [DK16, Lemma 4.10.3].



e ̟ instead of X
eD , ̟D . For the leftProof of Proposition 3.1. Again we write X,
hand side, one has


E
!
shXe Ej̃D ∗ Ej −1 DRE
e Ej̃D ∗ Ej DRX (M)
X (M) ≃ shX

≃ shXe Ej∗ Ej ! E̟! DRE
X (M)

≃ shXe RIhom π −1 CX\D , E̟! DRE
X (M)

≃ shXe RIhom ̟
e −1 π −1 CX\D , E̟! DRE
X (M)

≃ shXe E̟! RIhom π −1 CX\D , DRE
X (M)
A
≃ shXe DRE
e (M ).
X

In the fourth isomorphism, we have used [DK19, Lemma 2.7.6] and the last isomorphism follows from [DK16, §9] (cf. also [IT20, p. 13]).
A
Since, by definition, we have DRmod
e (M ), we can now conclude
e (M) = DRX
X
with Lemma 3.2.

One can deduce a similar result for the moderate de Rham functor on the real
blow-up along the function defining a normal crossing divisor.
Corollary 3.3. Let f : X → C be a holomorphic function such that D = f −1 (0) ⊂
X is a simple normal crossing divisor. Then there is an isomorphism in Db (CXef )

mod
shXef Ej̃f ∗ Ej −1 DRE
e (M).
X (M) ≃ DRX
f

eD → X
ef and one has j̃f = ̟D,f ◦ j̃D .
Proof. There is a natural morphism ̟D,f : X
Consequently,


−1
DRE
shXef Ej̃f ∗ Ej −1 DRE
eD Ej̃D ∗ Ej
X (M)
X (M) ≃ R̟D,f ∗ shX
mod
≃ R̟D,f ∗ DRmod
eD (M) ≃ DRX
e (M).
X
f

Here, the first isomorphism follows from [DK21b, Lemma 3.9] since ̟D,f is proper.
The last isomorphism is proved in [Moc14, Proposition 4.7.4].

3.3. Moderate de Rham complexes along a function. In the previous section,
eD and X
ef in
we have studied the moderate de Rham complex on real blow-ups X
the case of a normal crossing divisor. To do this, we could directly apply the
constructions performed in [DK16].
If X is a complex manifold and f : X → C is a holomorphic function, the divisor
ef can still be
f −1 (0) does not need to have normal crossings. The blow-up space X
defined, but Corollary 3.3 does not apply to this case. In this subsection, we define
ef in order to prove an analogous
a version of the enhanced de Rham functor on X
statement without the normal crossing assumption. This works along the same

MODERATE AND RAPID DECAY NEARBY CYCLES VIA ENHANCED IND-SHEAVES

13

eD in [DK16] (simply denoted by X
e in loc. cit.), but uses
lines as the version for X
some interesting facts about resolutions of singularities.
Throughout this subsection, X will be a complex manifold and f : X → C a
ef the real
holomorphic function. We write X ∗ := X \ f −1 (0). We denote by X
A :=
blow-up of X along f . Recall the notation for morphisms from (1). We set DX
e
f

Amod
⊗̟−1 OX ̟−1 DX . Let X denote the complex manifold conjugate to X.
e
X
f

ef , by
The first step is to define a sheaf of tempered holomorphic functions on X
analogy with [DK16, §7.2].
Lemma-Definition 3.4. We define the objects
DbtXe := ̟f! RIhom(CX ∗ , DbtX )
f

and
t
OX
e := RHom̟ −1 D
f

f

X


̟−1 OX , DbtXe ,
f

A
and the latter is an object in Db (DX
e ).
f

Proof. It is clear a priori that DbtXe thus defined is an object over ̟−1 DX ⊗̟−1 DX ,
f

t
−1
and hence that OX
DX . It thus remains to show that it is
e is a module over ̟
f

an Amod
e -module.
X
f

(a) Set D := f −1 (0). Assume that we can find a modification τ : Y → X (i.e.,
a proper morphism such that E := τ −1 (D) has simple normal crossings
and induces an isomorphism Y \ E ≃ X \ D) and set g := f ◦ τ . Let us
write X ∗ := X \ D and Y ∗ := Y \ E. Let ̟E,g : YeE → Yeg denote the
natural proper morphism between the two real blow-ups on Y associated
ef the map induced by τ , and let
to E = g −1 (0), denote by τe : Yeg → X
e
e
τeg = τe ◦ ̟E,g : YE → Xf denote the composition. We have the following
commutative diagram, where the square is Cartesian:
τeg
̟E,g

YeE

(4)

Yeg

̟g

̟E

Y

τe

ef
X

̟f


τ

X

Since E is a normal crossing divisor, we know from [DK16, Notation 7.2.4
and Theorem 7.2.7] that
!
RIhom(CY ∗ , OYt )
OYte ≃ ̟E
E

is an Amod
e -module.
Y
E
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Moreover, we have isomorphisms
!
OYt )
τ ∗ ̟E,g ∗ RIhom(CY ∗ , ̟E
Re
τg ∗ OYte ≃ Re
E

!
̟g! OYt )
≃ Re
τ ∗ R̟E,g ∗ RIhom(CY ∗ , ̟E,g

≃ Re
τ ∗ RIhom(R̟E,g ∗ CY ∗ , ̟g! OYt )
≃ Re
τ ∗ RIhom(CY ∗ , ̟g! OYt )
τ ∗ ̟g! OYt )
≃ RIhom(CX ∗ , Re
≃ RIhom(CX ∗ , R̟f! τ∗ OYt )
≃ ̟f! RIhom(CX ∗ , Rτ∗ OYt )
t
t
≃ ̟f! RIhom(CX ∗ , OX
) ≃ OX
e ,
f

Here, we repeatedly use adjunction isomorphisms like [KS01, Proposition
5.3.8, Corollary 5.3.5] (together with the fact that all the morphisms in (4)
are isomorphisms outside the given divisors). The sixth isomorphism uses
the [KS01, Theorem 5.3.10], relying on the fact that the square in (4) is
Cartesian. The last line follows from the tempered Grauert theorem [KS16,
Theorem 3.1.5].
t
Consequently, OX
e is a module (or, in general, a complex of modf

ules) over τeg ∗ Amod
≃ Re
τg ∗ Amod
≃ Amod
e
e
e . This isomorphism follows from
Y
Y
X
E

E

f

[Moc14, Theorem 4.1.5].
t
(b) Let us show that the action of Amod
ef on OX
ef constructed in (a) is canonical
X
and does not depend on the choice of the modification τ : Y → X.
First, we note that, similarly to the computation in (a), one obtains
τeg! DbtXe = τeg! ̟f! RIhom(CX ∗ , DbtX )
f

! !
≃ ̟E
τ RIhom(CX ∗ , DbtX )

!
≃ ̟E
RIhom(CY ∗ , DbtY )

≃ DbtYe .
E

The second-to-last isomorphism is due to [KS16, Lemma 2.5.7], and the last
isomorphism follows from [DK16, Theorem 7.2.7] (since E is a normal crossτg ∗ DbtYe .
ing divisor). Consequently, one has an isomorphism DbtYe ≃ τeg! Re
E
E
Now, observe that
−1
t
OY , DbtYe )
τg ∗ RHom̟−1 D (̟E
OX
τg ∗ OYte ≃ Re
e ≃ Re
E

f

≃

≃ RHomτe

−1
g ∗ ̟E DY

showing that the

E

Y

E

−1
OY
Re
τg ∗ RHom̟−1 D (̟E
Y
E

, τeg! Re
τg ∗ DbtYe )
E

−1
OY , Re
(Re
τg ∗ ̟E
τg ∗ DbtYe ),

Amod
ef -action
X

E

on

t
OX
ef

is induced by the Amod
e -action on
X
f

t
Re
τg ∗ DbtYe , which in turn is induced by the Amod
eE . We
eE -action on DbY
Y
E
t
t
remark that Re
τg ∗ DbYe = τeg ∗ DbYe since tempered distributions form a
E
E
quasi-injective object (cf. [Kas84, Theorem 3.18], [KS01, §7.2]).
on τeg ∗ DbtYe does not depend
≃ τeg ∗ Amod
In fact, the action of Amod
e
e
Y
X
f

E

E

ef be a
on the choice of the projective morphism τ above: Let U ⊂ X
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subanalytic subset. A section of Amod
on U is a holomorphic function, say
e
X
f

ef
ϕ, on U ∩ X ∗ = π −1 (U ) ∩ Y ∗ that has tempered growth along U ∩ ∂ X
mod
mod
−1
e
(or along τ (U ) ∩ ∂ YE , which is equivalent, since τeg ∗ AYe ≃ AXe ). On
E

f

the other hand, we have (e
τg ∗ DbtYe )(U ) = DbtYe (e
τg−1 (U )), so an element δ
E
E
thereof is by definition a (tempered) distribution on τeg−1 (U )∩Y ∗ = U ∩X ∗ .
The action of ϕ on δ is given by the natural multiplication of a distribution
by a function, all defined outside the divisors. Hence, the induced action is
independent of the choice of τ .
(c) In general, a modification similar to that in (a) exists by now well-known
results on desingularization of analytic spaces (see, e.g., [AHV18]). However, E might not have smooth components, but we know that, locally
around each point x ∈ X, we can find such a modification. Therefore, (a)
t
mod
shows that OX
e has locally an action of AX
e . Since the local actions are
f

f

canonical (and hence compatible) by (b), they give a global action of Amod
e
X
f

t
on OX
e .
f


We can now define (using notation similar to the one in [DK16, §9.2])
t
!
τ
E
OX
e
e := ĩ RHomDP (EC|P , OX

f ×P

f

)[2],

−1 −1
L
E
ΩE
e := πX
e
e ̟f ΩX ⊗π −1 ̟ −1 O OX
X
f

f

f

f
X
f

X

f

and one sets
E
L
DRE
e (L) := ΩX
e ⊗D A L
X
f

f

f
X
f

A
for L ∈ Db (DX
e ).
f

As in loc. cit. we then get
Af
DRE
) ≃ E̟f! DRE
e (M
X (M).
X
f

−1
for any meromorphic connection M (setting MAf := Amod
ef ⊗̟f−1 OX ̟f M).
X
Then we can reproduce the proof of Lemma 3.2 and Proposition 3.1 along the
exact same lines and obtain the following.

Proposition 3.5. Let X be a complex manifold and f : X → C a holomorphic
function. Then there is an isomorphism in Db (CXef )

mod
shXef Ej̃f ∗ Ej −1 DRE
e (M).
X (M) ≃ DRX
f

Proof. The main steps of this proof are the isomorphisms

E
E
)
OX
e −1 π −1 CX ∗ , E̟! OX
e ≃ RIhom(̟
f

and



E
E
Af
OX (∗D) ≃ SolX
E̟−1 SolX
,
e OX (∗D)
f

eD in [DK16],
which we both derive from Lemma-Definition 3.4 as in the case of X
and the isomorphism
t
mod
αXef OX
e ≃ AX
e ,
f

f

and this follows again from a local consideration as in part (a) of the above proof
since αXef is compatible with direct images (see [KS01, Proposition 4.3.6]) and we
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know such a statement for the blow-up YeE along a normal crossing divisor (see
[DK16, Proposition 7.2.10]).

3.4. Rapid decay de Rham complexes: a motivation in dimension one.
So far we have studied moderate de Rham complexes. The aim is now to find a
functorial way to extract the rapid decay de Rham complex from the enhanced de
Rham complex. Rapid decay functions do not seem to have been studied in the
context of enhances ind-sheaves.
Studying the one-dimensional case again, it is quite straightforward to find an
expression similar to the one for the moderate de Rham complex. Let X be a
complex manifold. Recall the notation from Section 3.1.
Lemma 3.6. For an object K ∈ Eb (ICX ), one has a distinguished triangle in
Eb (ICXe )
+1

Ej̃!! Ej −1 K −→ Ej̃∗ Ej −1 K −→ Ei!! Ei−1 Ej̃∗ Ej −1 K −→
Proof. By [DK19, Lemma 2.7.6], we know that there are isomorphisms
Ej̃!! Ej̃ −1 H ≃ π −1 CX\D ⊗ H
Ei!! Ei−1 H ≃ π −1 C∂ Xe ⊗ H
for any H ∈ Eb (ICXe ).
From the natural short exact sequence (cf. [KS90, Proposition 2.3.6(v)])
0 −→ CX\D −→ CXe −→ C∂ Xe −→ 0
b

in D (CXe ), we therefore obtain (applying the functor π −1 (•) ⊗ Ej̃∗ Ej −1 K) a distinguished triangle
+1

Ej̃!! Ej̃ −1 Ej̃∗ Ej −1 K −→ Ej̃∗ Ej −1 K −→ Ei!! Ei−1 Ej̃∗ Ej −1 K −→
and this is the desired triangle, noting that Ej −1 Ej∗ ≃ Ej ! Ej∗ ≃ id.



Proposition 3.7. Let K ∈ Eb (ICX ), then there is a short exact sequence
0
0 −→ i−1 shXe (Ej̃!! Ej −1 K) −→ Ψ≤0
a (K) −→ Ψa (K) −→ 0.

Proof. We apply the functor i−1 shXe (•) to the distinguished triangle from Lemma
3.6. Then the middle object becomes Ψ≤0
a (K). Moreover, the third object becomes
Ψ0a (K), noting that shXe ◦ Ei!! ≃ i! ◦ sh∂ Xe since i is proper (see [DK21b, Lemma
3.9(ii)]) and i−1 i! ≃ id.
The distinguished triangle thus obtained is indeed a short exact sequence since
we already know that the second and third objects are concentrated in degree zero
and the morphism between them is an epimorphism (see [DK20, Lemma 4.3]),
which implies that also the first object must be concentrated in degree 0.

Now let M a meromorphic connection with a pole at 0, and let K = DRE
X (M)
and LM := i−1 j̃∗ j −1 DRX (M)[−1]. Then the objects in the short exact sequence
of Proposition 3.7 are related to the Stokes filtration by
Ψ≤0
a (K) ≃ F≤0 LM ,
Ψ0a (K) ≃ GrF
0 LM = F≤0 LM /F<0 LM .
Therefore, this implies that there is an isomorphism
F<0 LM ≃ i−1 shXe (Ej̃!! Ej −1 K).
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Since the “< 0” part of the Stokes filtration is nothing but the rapid decay de
e this implies that it is reasonable to expect an
Rham complex, restricted to ∂ X,
isomorphism

−1
(5)
DRrd
DRE
e Ej̃!! Ej
e (M) ≃ shX
X (M) ,
X
a formula similar to the ones proved for moderate de Rham complexes above.

∗ , in particular this functor
Remark 3.8. Note that the functor shXe ◦ Ej̃!! 6≃ j̃! ◦ shX∞
is not an “extension by zero” as known from the theory of classical sheaves.

A proof of this formula (5) in the case that f defines a normal crossing divisor
(in any dimension) will be given in Section 6 (see Corollary 6.11), using deep results
on duality of certain sheaves of functions.
4. Moderate and rapid decay objects associated to enhanced
ind-sheaves
In Section 3, we have studied functorial ways to extract the moderate growth and
rapid decay de Rham complexes from the enhanced de Rham complex. Inspired
by these considerations, we define here moderate growth and rapid decay objects
(more precisely, sheaves on the real blow-up space) to any enhanced ind-sheaf on
X and establish some of their basic properties.
Throughout this section, let X be a complex manifold and let f : X → C be
ef from here on,
holomorphic function. Since we will only work on the blow-up X
we will simplify the notation for the morphisms from diagram (1) by suppressing
the index f as follows:
̟

ef
∂X

i

ef
X

j̃

∗
X∞

j

X

We will also work over an arbitrary field k here.
Definition 4.1. For an enhanced ind-sheaf K ∈ Eb (IkX ), we define the objects of
Db (kXe )

(6)
K mod f := shXef Ej̃∗ Ej −1 K ,

(7)
K rd f := shXef Ej̃!! Ej −1 K .

Remark 4.2. Let us note here that we could also perform the same construction on
eD along a normal crossing divisor and in this way define objects
the real blow-up X
mod D
rd D
K
and K
. We will, however, focus on the blow-up along a function from
here on, although the constructions and results we prove in the present and the
eD . We will use this fact in the proofs of
following section work analogously on X
Proposition 6.5 and Proposition 6.12 below.
The first easy observation is the following.
Lemma 4.3. If we write X ∗ := X \ f −1 (0), there are isomorphisms for any K ∈
Eb (IkX )
K mod f ≃ (π −1 kX ∗ ⊗ K)mod f ≃ RIhom(π −1 kX ∗ , K)mod f ,
K rd f ≃ (π −1 kX ∗ ⊗ K)rd f ≃ RIhom(π −1 kX ∗ , K)rd f .
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Proof. It follows from [DK19, Lemma 2.7.6] that we have
π −1 kX ∗ ⊗ K ≃ Ej!! Ej −1 K,
RIhom(kX ∗ , K) ≃ Ej∗ Ej −1 K.
(For the second isomorphism, note that j is an open embedding and hence j ! = j −1 .)
Then, the statement of the lemma is clear from the definition because Ej −1 Ej∗ =
id = Ej −1 Ej!! .

Remark 4.4. In the context of enhanced de Rham functors (in particular, k = C
here), the previous lemma tells us that the functors from Definition 4.1 are not
sensitive to localization of the D-module: If D = f −1 (0) and M ∈ Dbhol (DX ), then
by [DK16, Theorem 9.1.2], we know that


−1
DRE
kX ∗ , DRE
X M(∗D) ≃ RIhom π
X (M) ,

−1
kX ∗ ⊗ DRE
DRE
X (M)
X M(!D) ≃ π
and hence the lemma means nothing but
mod f
mod f
mod f
DRE
≃ DRE
≃ DRE
,
X (M)
X (M(∗D))
X (M(!D))



rd
f
rd
f
rd
f
DRE
≃ DRE
≃ DRE
.
X (M)
X (M(∗D))
X (M(!D))

By restricting the objects from Definition 4.1 to the boundary of the real blowup, we can define objects that will be called enhanced nearby cycles; they are
higher-dimensional analogues of the constructions in [DK20] as well as analogues
in the world of enhanced ind-sheaves of the constructions performed for D-modules
in [Sab21].
Definition 4.5. Let K ∈ Eb (IkX ), then we set

Moreover, set


ψf≤0 K := i−1 K mod f = i−1 shXef Ej̃∗ Ej −1 K [−1],

ψf<0 K := i−1 K rd f = i−1 shXef Ej̃!! Ej −1 K [−1],

ψf>0 K := i! K mod f = i! shXef Ej̃∗ Ej −1 K ,

ψf≥0 K := i! K rd f = i! shXef Ej̃!! Ej −1 K .
ψf∗ K := i−1 Rj̃∗ j −1 shX K[−1].

All of them are objects in Db (k∂ Xef ).
Remark 4.6. One can express these objects differently in the case where K is the enhanced de Rham or solution object of a meromorphic connection (and in particular
k = C).
For example, let M be a meromorphic connection with poles along the normal
crossing divisor D = f −1 (0). Then

∼ −1 sh e Ej̃∗ Ej −1 DRE (M) [−1]
ψf≤0 DRE
X (M) = i
X
Xf

∼
= i−1 shXef E̟! Ej∗ Ej −1 DRE
X (M) [−1]

∼
= i−1 shXef E̟! DRE
X (M) [−1].

∼ ! e E̟! DRE (M) , which is the
Similarly, one can show ψf>0 DRE
X
X (M) = i shX
f
analogue of the complex p ψf>mod M in [Sab21].
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E
E
(M) [−1] and
Along the same lines, we get ψf<0 SolX
(M) ∼
= i−1 shXef E̟−1 SolX

ψ ≥0 SolE (M) ∼
= i! sh e E̟−1 SolE (M) .
f

X

X

Xf

Proposition 4.7. We have the following natural distinguished triangles in the
category Db (k∂ Xef ):
ψf≤0 K
ψf<0 K

v

ψf∗ K
ψf∗ K

c

ψf>0 K

+1

ψf≥0 K

+1

Proof. We start with the natural distinguished triangle
+1

(8) shXef (Ej̃∗ Ej −1 K) → Rj̃∗ j̃ −1 shXef (Ej̃∗ Ej −1 K) → i! i! shXef (Ej̃∗ Ej −1 K)[1] −−→
(cf., e.g., [KS90, Proposition 2.4.6]). Applying i−1 [−1] and noting that we have
natural isomorphisms (recall the compatibility of the sheafification functor with
pullbacks along open embeddings from [DK21b, Lemma 3.9])
−1
∗ (Ej̃
i−1 Rj̃∗ j̃ −1 shXef (Ej̃∗ Ej −1 K) ≃ i−1 Rj̃∗ shX∞
Ej̃∗ Ej −1 K)
−1
∗ (Ej
≃ i−1 Rj̃∗ shX∞
K)

≃ i−1 Rj̃∗ j −1 shX (K),
we obtain the first distinguished triangle.
The second triangle is found analogously, replacing Ej∗ by Ej!! in (8).



Proposition 4.8. There is a natural distinguished triangle in Db (k∂ Xef )
+1

ψf<0 K −→ ψf≤0 K −→ ψf0 K −→
where ψf0 K := sh∂ Xef (Ei−1 Ej̃∗ Ej −1 K).
Proof. This follows directly from Lemma 3.6.



Let p : X → Y be a proper holomorphic map, g : Y → C any holomorphic map,
and set f := g ◦ p. Then, p lifts to a morphism between the real blow-up spaces
ef = X ×Y Yeg → Yeg , and we obtain a natural commutative diagram where all
pe: X
the squares are Cartesian:
j̃f

(9)

ef
∂X

if

ef
X

̟f

pe0



pe



∂ Yeg

ig

Yeg

̟g

X
p

Y

jf


jg

X∗
p|X ∗

Y∗

j̃g

We have the following statement, which is the analogue of [Sab21, Proposition
6.6].
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Proposition 4.9. Let X, Y, f, g, and p be as above, and let K ∈ Eb (IkX ). Then
there is an isomorphism of distinguished triangles in DbR-c (k∂ Yeg ):
Re
p0 ∗ ψf≤0 K

Re
p0 ∗ ψf∗ K

≃

≃

ψg≤0 Ep∗ K

ψg∗ Ep∗ K

Re
p0 ∗ ψf>0 K

+1

≃

ψg>0 Ep∗ K

+1

Re
p0 ∗ ψf≥0 K

+1

Similarly, there is an isomorphism
Re
p0 ∗ ψf<0 K
≃

Re
p0 ∗ ψf∗ K
≃

ψg<0 Ep∗ K

ψg∗ Ep∗ K

≃

ψg≥0 Ep∗ K

+1

Proof. Since all the isomorphisms work along the same lines, let us only prove the
first one (on the left of the first isomorphism of triangles).
−1
Re
p0 ∗ ψf≤0 K ≃ Re
p0 ! i−1
ef Ej̃f ∗ Ejf K)[−1]
f shX

≃ i−1
p! shXef Ej̃f ∗ Ejf−1 K)[−1]
g Re
≃ i−1
p!! Ej̃f ∗ Ejf−1 K)[−1]
ef Ee
g shX
−1
≃ i−1
ef Ej̃g ∗ E(p|X ∗ )!! Ejf K)[−1]
g shX
−1
≤0
≃ i−1
ef Ej̃g ∗ Ejg Ep!! K)[−1] ≃ ψg Ep∗ K.
g shX

Here, we repeatedly used the facts that the squares in (9) are Cartesian (see [DK16,
Proposition 4.5.11] for a base change formula for operations on enhanced indsheaves) and that p is proper and hence Ep∗ = Ep!! (and similarly for pe).
The isomorphisms of objects thus obtained induce isomorphisms of distinguished
triangles since the morphisms in the triangles of Proposition 4.7 are all canonical
and the isomorphism constructed above is natural.

5. Constructibility and duality
5.1. Constructibility of moderate and rapid decay objects. The following
lemma is clear by construction.
Lemma 5.1. For K ∈ EbR-c (IkX ) (in particular for K = DRE
X (M) for a holonomic DX -module in the case k = C), the objects defined in Definition 4.5 are
R-constructible.
Proof. It suffices to note that the functors Ej̃f ∗ , Ej̃f !! , Ej −1 and shXef involved in
the construction of K mod f and K rd f all preserve R-constructibility (see [DK19,
Proposition 3.3.3] and [KS16, Theorem 6.6.4]).

5.2. A short review on perfect pairings. Let k be a field and let M be a locally
compact topological space. We recall the following notion of a perfect pairing in the
derived category Db (kM ). A good reference is [KS90], as well as [FSY21, Appendix
C].
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Let F, G ∈ Db (kM ), and let ωM denote the Verdier dualizing complex. If
aM : M → {pt} is the canonical map to the one-point space, then we have ωM =
a!M k. The Verdier dual of F ∈ Db (kM ) is the object DM F := RHom(F, ωM ).
Definition 5.2. Recall that a pairing η : F ⊗ G → ωM is equivalent to the datum
of a morphism F → DM G in Db (kM ) (or, equivalently, a morphism G → DM F ).
We say that a pairing η : F ⊗ G → ωM is perfect if the associated morphism
F → DM G (or G → DM F ) is an isomorphism.
Now, suppose η : F ⊗ G → ωM is such a perfect pairing with an isomorphism
G ≃ DM F . Taking derived global sections, we find
RΓ(M ; DM F ) ≃ RHom(F, ωM )
≃ RHom(RΓc (M ; F ), k)
=: RΓc (M ; F )∨ .
In particular, the hypercohomology of this object satisfies, for all ℓ ∈ Z,
Hℓ (M ; DM F ) ≃ H0 RΓ(M ; (DM F )[ℓ]) ≃ H0 RHom(RΓc (M ; F ), k)[ℓ]
≃ H0 RHom(RΓc (X; F )[−ℓ], k)
∨
≃ H−ℓ
c (M ; F ) .

By [KS90, (2.6.23)], there is a natural morphism
RΓ(M ; DM F ) ⊗ RΓc (M ; F ) → RΓc (M ; F ⊗ DM F ).
Taking hypercohomology and composing with the morphism induced by η on global
sections, we obtain perfect pairings for all ℓ ∈ Z:
(10)

Hℓ (M ; DM F ) ⊗ Hc−ℓ (M ; F ) −→ H0c (M ; ωM ) ≃ k.

Proposition 5.3 ([FSY21, Corollary C.6]). Let F, G ∈ Db (kM ). If the pairing
η : F ⊗ G → ωM
is perfect, then so are the pairings
η ℓ : Hℓ (M ; F ) ⊗ H−ℓ
c (M ; G) → k
for all ℓ ∈ Z.
We will refer to the pairings (10) as the global duality pairings of F (on hypercohomology). Similarly, we will refer to η : F ⊗ DM F → ωM as the local duality
pairing of F .
5.3. Local duality statements for enhanced nearby cycles. With our definition of the moderate growth and rapid decay objects, it is easy to see that for
R-constructible enhanced ind-sheaves the associated moderate and rapid decay objects are related by duality.
Let X be a complex manifold and f : X → C a holomorphic function.
ef ). Let K ∈ Eb (IkX ). Then, there
Proposition 5.4 (Local duality pairing on X
R-c
is a canonical isomorphism
rd f
DXef K mod f ≃ (DE
.
X K)

That is, there exists a perfect pairing
rd f
K mod f ⊗ (DE
−→ ωXef ,
X K)
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where ωXef is the Verdier dualizing complex in Db (kXef ).
Proof. There is the chain of isomorphisms


!
!
DXef shXef Ej̃f ∗ Ej −1 K ≃ shXef DE
e Ej̃f ∗ Ej̃f E̟ K
X
f

≃ shXef



−1
kX ∗ , E̟! K)
DE
ef RIhom(π
X


E
!
≃ shXef π −1 kX ∗ ⊗ DE
ef E̟ DRX (M)
X

−1
≃ shXef Ej!!f Ej f E̟−1 DE
XK ,

where the first isomorphism follows from the commutation of sheafification with
duality (see [DK21b, Lemma 3.13]), the third isomorphism follows from [DK16,
Lemma 4.3.2, Proposition 4.9.13], and in the last isomorphism we have used the
fact that duality interchanges inverse image and exceptional inverse image (see
[DK19, Proposition 3.3.3]). Moreover, in the second and fourth isomorphism we
have applied [DK19, Lemma 2.7.6].
Note that, except for the second line, all the isomorphisms require R-constructibility, so it is essential here that K is R-constructible and that direct and inverse
images preserve this R-constructibility (see [DK19, Proposition 3.3.3]).

By restricting the moderate growth and rapid decay functors to the boundary
of the real blow-up, we immediately obtain as a consequence a duality between the
functors ψf≤0 and ψf≥0 (see Definition 4.5), up to a shift in the derived category
DbR-c (k∂ Xef ).
ef ). For K ∈ Eb (IkX ), there is a
Corollary 5.5 (Local duality pairing on ∂ X
R-c
canonical isomorphism
D∂ Xef (ψf≤0 K) ≃ ψf≥0 (DE
X K)[1],

so that the associated pairing
ψf≤0 (K) ⊗ ψf≥0 (DE
ef
X K)[1] −→ ω∂ X
is perfect.
Proof. This is a similarly straightforward computation, using in addition the fact
that Verdier dualizing interchanges i−1 and i! .

5.4. The global duality pairings. Applying (derived) global sections to the objects in Proposition 5.4 yields further duality statements that we can explore.
Let K ∈ EbR-c (IkX ) be an R-construcible enhanced ind-sheaf.
rd f
implies the isomorphism
Specifically, the isomorphism K mod f ≃ DXef (DE
X K)
(11)

∼
rd f
ef ; K mod f ) −
ef ; (DE
RΓ(X
→ RHom(RΓc (X
), k)
X K)

∨
E
rd
f
ef ; (D K)
=: RΓc X
X

of bounded complexes of finite-dimensional k-vector spaces. Likewise,

rd f
DXef K mod f ≃ (DE
X K)

implies

rd f ∼
ef ; (DE
ef ; K mod f )∨ .
RΓ(X
)−
→ RΓc (X
X K)

Either of these isomorphisms is equivalent to the following result.
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Corollary 5.6. The pairing
E
rd f
ef ; K mod f ) ⊗ H−ℓ
e
Hℓ (X
) −→ k
c (Xf ; (DX K)

is perfect for all K ∈ EbR-c (IkX ) and ℓ ∈ Z.

Proof. This follows directly from Proposition 5.3 and the above local duality, Proposition 5.4.

Likewise, Proposition 5.3 and Corollary 5.5 imply the following result.
Corollary 5.7. The pairing
0
ef ; ψ ≤0 K) ⊗ H−ℓ+1
ef ; ψ ≥0 DE
e
Hℓ (∂ X
(∂ X
ef ) ≃ k
c
X K) −→ Hc (∂ Xf ; ω∂ X
f
f

is perfect for all K ∈ EbR-c (IkX ) and ℓ ∈ Z.

6. Duality between de Rham functors with growth conditions
6.1. A duality of Kashiwara–Schapira. In this section, we briefly recall a duality statement between tempered and Whitney holomorphic functions proved by
M. Kashiwara and P. Schapira in [KS96] and [KS16].
It is well-known that the space of distributions is the topological dual of the
space of compactly supported smooth functions (often called test functions). It is
important to note that these spaces are infinite-dimensional complex vector spaces
and this duality is really a duality of topological vector spaces, and not a duality
in the category of complex vector spaces. The authors of [KS96] use the language
of Fréchet nuclear spaces (vector spaces of type FN) and duals of Fréchet nuclear
spaces (vector spaces of type DFN) to formulate their results (see [Gro55] for these
notions, as well as [RR74] and the references therein).
The notions of tempered distributions and Whitney functions were studied in
[KS96] and they are closely related to the notions of moderate growth and rapid
decay (cf., e.g., [DK16, Proposition 7.2.10, Lemma 5.1.4]). On a real analytic
w

manifold X, recall the functor • ⊗ CX∞ : ModR-c (CX ) → Mod(DX ) from loc. cit. as
well as the ind-sheaf of tempered distributions DbtX from [KS01]. The ind-sheaf
Dbt∨
X is the ind-sheaf of tempered distribution densities on X (see, e.g., [KS16]). In
[KS96], the authors proved the following duality result for these spaces (formulated
here in the more modern notation of [KS01] and [KS16]).
Proposition 6.1 ([KS96, Proposition 2.2]). Let X be a real analytic manifold and
w

F ∈ ModR-c (CX ). Then there exist natural topologies of type FN on Γ(X; F ⊗ CX∞ )
and of type DFN on Γc (X; αX RIhom(F, Dbt∨
X )) and they are dual to each other.
This result is then used to deduce the following duality in the context of holomorphic solutions of a coherent D-module on a complex manifold. We note that
the transition from CX∞ (resp. Dbt∨
X to OX (resp. ΩX ) amounts to taking Dolbeault
complexes with coefficients in those objects (see [KS96, §5]).
Theorem 6.2 ([KS96, Theorem 6.1]). Let X be a complex manifold of dimension
dX , M ∈ Dbcoh (DX ) and F, G ∈ DbR-c (CX ). Then the spaces RΓ(X; RHomDX (M ⊗
w

L

G, F ⊗ OX )) and RΓc (X; αX RIhom(F, ΩtX )[dX ] ⊗DX (M ⊗ G)) are objects of
Db (FN) and Db (DFN), respectively, and are dual to each other, functorially in
M, F and G.
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Later, in [KS16], this global result was extended to the following local statement
in the category of R-constructible sheaves.
Theorem 6.3 (see [KS16, Theorem 2.5.13]). Let X be a complex manifold of
dimension dX , M ∈ Dbcoh (DX ) and F, G ∈ DbR-c (CX ). Then the two objects
w

L

RHomDX (M, F ⊗ OX ) and αX RIhom(F, ΩtX )[dX ] ⊗DX M are dual to each other
in the category DbR-c (CX ).
Let us remark that the key in deriving this result was the proof of the Rconstructibility of these two objects, which was derived from the constructiblity
of enhanced solutions established in [DK16]. In particular, this allows the authors
of [KS16] to forget the topology, so this duality is really a duality of sheaves of
complex vector spaces.
6.2. A conjecture of Sabbah. In [Sab21], C. Sabbah conjectured the following
duality statement.
Conjecture 6.4 (cf. [Sab21, Conjecture 4.13]). Let M be a holonomic DX -module.
Then there is an isomorphism in Db (CXef )
rd
DXef DRmod
e (M) ≃ DRX
e (DX M).
X
f

f

In the rest of this subsection, we will indicate a proof of this conjecture in
the case of a normal crossing divisor using arguments very similar to the ones of
Kashiwara–Schapira.
We will first prove the following variant on the real blow-up of X along a normal
crossing divisor.
Proposition 6.5. Let D ⊂ X be a simple normal crossing divisor. Let M be a
holonomic DX -module. Then there is an isomorphism in Db (CXeD )
rd
DXeD DRmod
e (M) ≃ DRX
e (DX M).
X
D

D

Let us first rewrite the objects in the statement of Proposition 6.5 in terms of
tempered and Whitney holomorphic functions, as studied in [KS96], for example.
e ̟ for X
eD , ̟D . Let X
e tot be the total
In the following, we will just write X,
D
e⊂X
e tot be the real blowup.
blowup of X along a normal crossing divisor, and let X
D
For the sheaf of moderate growth holomorphic function, we have
t
t
!
Amod
≃ αXe OX
e ̟ RIhom(CX ∗ , OX )
e
e ≃ αX
X

and hence the moderate de Rham complex of a holonomic DX -module M is
L

−1
−1
M
DRmod
ΩX ⊗̟−1 OX Amod
e (M) ≃ (̟
e ) ⊗̟ −1 DX ̟
X
X

(12)

L

≃ αXe ̟! RIhom(CX ∗ , ΩtX ) ⊗̟−1 DX ̟−1 M
L

≃ αXe ΩtXe ⊗̟−1 DX ̟−1 M
is

e with rapid decay at ∂ X
e
On the other hand, the sheaf of smooth functions on X
w

:= (CX ∗ ⊗ CX∞
CX∞,rd
e tot )
e

e
X

and the sheaf of holomorphic function with rapid decay at the boundary is then
−1
OX , C ∞,rd
).
Ard
e := RHom̟ −1 DX (̟
e
X
X
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Hence, the rapid decay de Rham complex of the dual of M is
L

−1
−1
DX M
DRrd
ΩX ⊗̟−1 OX Ard
e (DX M) ≃ (̟
e ) ⊗̟ −1 DX ̟
X
X

≃ RHom̟−1 DX (̟−1 M, Ard
e )[dX ]
X

(13)

In order to prove Proposition 6.5, the aim is to get a duality between (12) and (13),
and this reminds us of the duality in [KS16, (2.5.12), Theorem 2.5.13]. However,
our statement is a duality on the real blow-up and it does not follow directly from
loc. cit., but our proof will proceed along the same lines.
We will first construct a pairing between the two objects (12) and (13).
e tot . Since X
e tot is a real analytic manifold, we get from [KS16,
A pairing on X
D
D
(2.5.11)] a pairing
w

t∨
(CX ∗ ⊗ CX∞
e tot .
e tot RIhom(CX ∗ , DbX
e tot ) → ωX
e tot ) ⊗ αX

(14)

D

D

D

D

e Equation (14) is equivalent to a morphism
The induced pairing on X.
w

∞
αXe tot RIhom(CX ∗ , Dbt∨
e tot (CX ∗ ⊗ CX
e tot ) → DX
e tot ).
X
D

D

D

D

e ֒→ X
e tot
Apply the exceptional inverse image along the (closed) embedding itot : X
D
to obtain
(15)

w

tot −1
) (CX ∗ ⊗ CX∞
(itot )! αXe tot RIhom(CX ∗ , Dbt∨
e (i
e tot ) → DX
e tot ).
X
D

D

D

Now observe that the left-hand side can be manipulated as follows:
t∨
(itot )! αXe tot RIhom(CX ∗ , DbX
e tot )
D

D

≃ (itot )−1 RHom(CXe , αXe tot RIhom(CX ∗ , Dbt∨
e tot ))
X
D

D

≃ (itot )−1 RHom(βXe tot CXe , RIhom(CX ∗ , Dbt∨
e tot ))
X
D

D

≃ (itot )−1 αXe tot RIhom(βXe tot CXe ⊗ ιXe tot CX ∗ , Dbt∨
e tot )
X
D

(16)

≃ αXe tot (i
D

tot −1

)

D

D

D

RIhom(CX ∗ , Dbt∨
e tot )
X
D

Here, the second isomorphism follows from [KS01, Proposition 5.1.10], and the last
one from the fact that βXe tot CXe ⊗ ιXe tot CX ∗ ≃ ιXe tot CX ∗ (see [KS01] and also [Ho22,
D
D
D
Proof of Lemma 3.2]).
Next, let us prove the following result similar to [KS16, Lemma 2.5.7].
Lemma 6.6. Set Y := (̟tot )−1 (X ∗ ). Then there is an isomorphism
(17)

t∨
tot !
RIhom(CY , DbX
) RIhom(CX ∗ , Dbt∨
X ).
e tot ) ≃ (̟
D

Proof. Note that, locally, Y is the disjoint union of 2r connected components (r
being the number of smooth components of the normal crossing
F divisor D), each
homeomorphically mapped to X ∗ via ̟tot . Let us write Y = ν∈{+,−}r X ∗ × {ν}.
(Recall that X ∗ × {+, . . . , +} is the component canonically identified with X ∗ in
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e ⊂X
e tot .) Then we have
X
D


tot −1
) CX ∗ , (̟tot )! Dbt∨
(̟tot )! RIhom(CX ∗ , Dbt∨
X
X ) ≃ RIhom (̟
M

RIhom CX ∗ ×{ν} , (̟tot )! Dbt∨
≃
X .
ν∈{+,−}r

L

t∨
DXe tot →X ,
Now, by [KS16, Theorem 2.5.6], one has (̟tot )! Dbt∨
X ≃ DbX
ftot
e tot ⊗DX
D

D

D

and since DXe tot → DXe tot →X is an isomorphism on each X ∗ × {ν}, we obtain the
D
D
desired result.

Applying the functor (itot )! to the isomorphism (17), the left-hand side is the
following:
tot −1
(itot )! RIhom(CY , Dbt∨
) RIhom(CXe , RIhom(CY , Dbt∨
e tot ) ≃ (i
e tot ))
X
X
D

D

≃ (itot )−1 RIhom(CXe ⊗ CY , Dbt∨
e tot )
X
D

≃ (itot )−1 RIhom(CX ∗ , Dbt∨
e tot )
X
D

Hence, taking together the isomorphism (17) with our computation (16), we obtain
(18)

t∨
!
(itot )! αXe tot RIhom(CX ∗ , Dbt∨
e ̟ RIhom(CX ∗ , DbX )
e tot ) ≃ αX
X
D

D

and hence the morphism (15) yields a pairing
(19)

w

t∨
!
(itot )−1 (CX ∗ ⊗ CX∞
e.
e ̟ RIhom(CX ∗ , DbX ) → ωX
e tot ) ⊗ αX
D

The pairing for the de Rham functors. Making the transition to Dolbeault complexes (i.e., going to the holomorphic setting) and adding a D-module, the above
pairing will induce a pairing
(20)

mod
DRrd
e
e (DX M) ⊗ DRX
e (M) → ωX
X

(just as (2.5.11) induces (2.6.12) in [KS16]).
Perfectness of the pairing. We first prove an analogue (indeed, a corollary) of [KS96,
Proposition 2.2], which will be the key to the proof of the perfectness.
w

e (itot )−1 (CX ∗ ⊗
Proposition 6.7. There exist natural topologies of type FN on Γ(X;
t∨
∞
tot −1
e
CXe )) and of type DFN on Γc (X; (i ) RHom(CX ∗ , DbXe tot )) and the two spaces
are dual to each other with respect to these topologies.

D

e tot is a real analytic manifold, [KS96, Proposition 2.2] gives us a
Proof. Since X
D
w
e tot ; CX ∗ ⊗C ∞tot ) and the DFN space
(topological) duality between the FN space Γ(X
D

e tot ; RIhom(CX ∗ , Dbt∨tot )).
Γc (X
D
e
X
D

e
X
D

w

To conclude, we observe that both CX ∗ ⊗ CX∞
e tot
D

e
e tot
and RIhom(CX ∗ , Dbt∨
e tot ) are supported on the closed subspace X ⊂ XD , and
X
hence

D



w
w
e (itot )−1 (CX ∗ ⊗ C ∞tot ) ≃ Γ X; CX ∗ ⊗ C ∞tot
Γ X;
e
e
X
X
D

and

D



e (itot )−1 RHom(CX ∗ , Dbt∨tot ) ≃ Γc X; RIhom(CX ∗ , Dbt∨tot ) .
Γc X;
e
e
X
X
D

D
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This implies (going to the holomorphic setting similarly to [KS96, Proposition
5.2]) a duality between the objects
b
RΓ(X; Ard
e ) ∈ D (FN)
X

and
RΓc (X; αXe ΩtXe ) ∈ Db (DFN).
We can then use the technique of [KS96, Theorem 6.1 and Appendix] to prove
the following.
Proposition 6.8. Let M ∈ Dbhol (DX ) and let G ∈ DbR-c (CXe ). Then we can define


rd
b
RΓ X; RHom̟−1 DX (̟−1 M ⊗ G, Ard
e (DX M) ∈ D (FN)
e ) ≃ RHom G, DRX
X

and


b
RΓc X; DRmod
e (M) ⊗ G ∈ D (DFN)
X
and these are dual to each other.
Proof. By the methods developed in loc. cit. (whose details we will not elaborate
on here, see the proof of [KS96, Theorem 6.1]), the proof can be reduced to the
case M = (DX )U for some relatively compact open U ⊂ X and G = CV for some
e and this reduces the statement to
relatively compact open subanalytic V ⊂ X,
Proposition 6.7 and its holomorphic analog.

The final step in proving Proposition 6.5 is now the following lemma, which is
analogous to the idea of [KS16, Lemma 2.5.12].

mod
Lemma 6.9. If one of the objects DRrd
e (DX M) or DRX
e (M) is R-constructible,
X
rd
then the pairing (20) is perfect and the objects DRXe (DX M) and DRmod
e (M) are
X
b
dual to each other in the category DR-c (CXe ). In particular, the other object is also
R-constructible.

Proof. Assume that DRmod
e (M) is R-constructible. Apply the functor RΓc (U ; •)
X
e to the morphism
for any relatively compact open subanalytic U ⊂ X
rd
DRmod
e DRX
e (M) → DX
e (DX M)
X

coming from the pairing (20) to obtain
mod
∗
RΓ(U ; DRrd
e (DX M)) → RΓc (U ; DRX
e (M)) .
X

Since DRmod
e (M) was assumed to be R-constructible, we know (see [KS90, CorolX
lary 8.4.11]) that RΓc (U ; DRmod
e (M)) is a perfect complex and therefore has, in
X
particular, finite-dimensional cohomologies, and hence the topological dual and the
usual dual as a vector space coincide. This morphism is an isomorphism by Proposition 6.8, which concludes the proof.
The case where DRrd

e (M) is R-constructible is similar.
X
We can now finally prove the above duality statement in the case of a normal
crossing divisor.
Proof of Proposition 6.5. By Lemma 6.9, we are reduced to proving that the come
plex DRmod
e (M) is R-constructible. This is, however, clear by (a version on XD of)
X

E
mod
−1
Lemma 5.1 since we have already proved DRXeD (M) ≃ shXeD Ej̃D ∗ Ej DRX (M)
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(see Proposition 3.1) and we know that DRE
X (M) is R-constructible (see [DK16,
Theorem 9.3.2]). This concludes the proof.

Corollary 6.10. Let f : X → C be a holomorphic function such that D := f −1 (0)
is a simple normal crossing divisor. Let M be a holonomic DX -module. Then there
is an isomorphism in Db (CXef )
rd
DXef DRmod
e (M) ≃ DRX
e (DX M).
X
f

f

Proof. This follows directly from Proposition 6.5 by applying the direct image funceD → X
ef . We note that this morphism is
tor along the natural morphism ̟D,f : X
proper and hence self-dual, and that this direct image turns the moderate (resp.
eD into the moderate (resp. rapid decay) de
rapid decay) de Rham complex on X
ef (see [Moc14, Proposition 4.7.4]).
Rham complex on X

With this result in hand, we can now derive the statement motivated in (5) in
the case of a normal crossing divisor.

Corollary 6.11. If D ⊂ X is a simple normal crossing divisor, we have an isomorphism

−1
DRE
DRrd
eD Ej̃D !! Ej
eD (DX M) ≃ shX
X (DX M) .
X

If f : X → C is a holomorphic function such that f −1 (0) is a simple normal
crossing divisor, we have an isomorphism

−1
DRE
DRrd
ef Ej̃f !! Ej
e (DX M) ≃ shX
X (DX M) .
X
f

Proof. The proofs of the two statements are indentical, so let us give the argument
eD .
for X
Recall (from Proposition 3.1) that
−1
DRmod
DRE
eD (Ej̃D ∗ Ej
e (M) ≃ shX
X (M)).
X
D

Then the assertion of the corollary is just the dual of this isomorphism: The lefthand sides are dual to each other by Proposition 6.5 just proved. For the right-hand
sides, we see that
−1 E
shXeD (Ej̃D ∗ Ej −1 DRE
DX DRE
eD (Ej̃D ∗ Ej
X (DX M)) ≃ shX
X (DX M))
E
!
≃ shXeD (DE
e Ej̃D !! Ej DRX (M))
X
D

≃ DXeD shXeD (Ej̃D !! Ej −1 DRE
X (M)
since duality commutes with the enhanced de Rham functor (see [DK16, Theorem
9.4.8] and the sheafification functor (see [DK21b, Proposition 3.13]), and duality
interchanges Ej̃D ∗ with Ej̃D !! and Ej −1 with Ej ! (see [DK19, Proposition 3.3.3]).
Note that Ej −1 ≃ Ej ! since j is an open embedding. Since all the objects involved are R-constructible (and hence duality is an involution on these objects),
this concludes the proof.

6.3. Duality pairings for algebraic connections. A well-known result of S.
Bloch and H. Esnault (in dimension one, see [BE04]) and M. Hien (for dimensions
greater than one, see [Hie09] and also [Hie07]) shows that, for a flat algebraic
connection (E, ∇) on a smooth quasi-projective variety U , there is a pairing between
algebraic de Rham cohomology with coefficients in (E, ∇) and rapid decay homology
cycles, inducing a duality between the respective (co-)homology spaces (see 22 for
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the precise statement). Concretely, the pairing can be realized as an integration,
or period, pairing of differential forms α ⊗ e with coefficients in E and of chains
γ ⊗ ǫ∨ with coefficients in E ∨ having rapid decay along the boundary:
Z
(21)
(α ⊗ e, γ ⊗ ǫ∨ ) 7→ he, ǫ∨ i α
γ

where he, ǫ∨ i denotes the natural contraction E ⊗OU E ∨ → OU .
Proposition 6.12. Let (E, ∇) be a flat (algebraic) connection on a smooth quasiprojective variety U over C, and let (E ∨ , ∇∨ ) be the dual connection on U . Then
there is a perfect pairing of finite-dimensional C-vector spaces


∨
∨
(22)
HℓdR U ; (E, ∇) ⊗ Hrd
ℓ U ; (E , ∇ ) → C
where HdR denotes algebraic de Rham cohomology, and Hrd denotes rapid decay
homology (see [BE04] and [Hie09]).

Proof. Recall from [Hie09] that we can describe these de Rham cohomology groups
and rapid decay homology groups as the hypercohomologies of complexes of sheaves
on the real blow-up space: We have


eD ; DRmod
HℓdR U ; (E, ∇) ≃ Hℓ X
e (M)
X
D

(see [Sab00]) and



∨
∨
∨
−ℓ e
Hrd
XD ; DRrd
e (M ) .
ℓ U ; (E , ∇ ) ≃ H
X
D

Here, (X, D) is a good compactification of U , i.e., D = X \ U has normal crossings
and (E, ∇) admits a good formal structure with respect to (X, D). (The existence of such a good compatification was conjectured and proved in certain cases
in [Sab00], and it was proved in general in [Moc09], [Moc11].) Furthermore, M
is the (analytic) meromorphic connection associated to the algebraic connection
(E, ∇). In other words, if E is the algebraic DU -module defined by the connection
(E, ∇) and j : U ֒→ X is the inclusion, then M = (j∗ E)an is the associated analytic
DX -module and satisfies M(∗D) ≃ M. Moreover, M∨ denotes the dual meromorphic connection, which is the meromorphic connection associated to (E ∨ , ∇∨ ) (or,
equivalently, M∨ = (DX M)(∗D)).
With these identifications, the claim follows after noting
mod D
E
DRmod
,
e (M) ≃ DRX (M)
X
and


rd D
rd D
E
E
∨
∨ rd D
DRrd
≃ DRE
≃ DE
,
eD (M ) ≃ DRX (M )
X (DX M)
X (DRX (M))
X

eD of) Proposition 5.6. (Note that X
eD is compact.)
and then applying (a version on X
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